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Abstract
Let G be a signed plane graph and Gd its signed dual graph. Methods from knot theory
are used to show that the signed Laplacian matrices L.G/ and L.Gd/ are Goeritz congruent.
There exists diagonal .0;1/-matrices, D1 and D2, and a unimodular matrix U such that
D1  L.G/ D U.D2  L.Gd//U t:
For Laplacian matrices of an unsigned plane graph and its dual, L.G/ is Goeritz congruent to
−L.Gd/. © 2000 Elsevier Science Inc. All rights reserved.
AMS classification: 05C50; 57M25; 15A36; 15A63
Keywords: Signed graph; Knot; Laplacian matrix; Goeritz matrix; Integral quadratic form; Unimodular
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1. Introduction
Let G be a graph. Multiple edges and loops are permitted. The vertices of G
are labeled 1; 2; : : : ; n, and E.G/ denotes the multiset of edges of G. Associated
with G, there is an integral quadratic form, Q.x/, on the n-tuple of indeterminates
x D .x1; : : : ; xn/, given by
Q.x/ D
X
.xi − xj /2;
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where the sum is taken over all edges .i; j/ in E.G/. The unique symmetric matrix
L.G/ for which
Q.x/ D xL.G/x t
is sometimes called the Laplacian matrix of G (also known as the Kirchhoff matrix
e.g., in [11, p. 138]).
A bicycle of G over an Abelian group A is a labeling of the edges of G with
elements of A that is both a cycle and a cocycle. Berman [1] used the Laplacian
matrix to decompose the group B.A/ of bicycles of G over A. The decomposition of
B.A/ involves the Smith normal form and invariant factors of the Laplacian matrix
L.G/.
To describe the Smith normal form let M be an m  n integral matrix. Then there
exist integral matrices P .m  m/ and Q .n  n/ such that PMQ D D, where D is a
diagonal matrix whose nonzero diagonal entries, t1; : : : ; tr , form a divisibility chain,
t1jt2j    jtr . (See [9, p. 26].) The matrices P and Q can be chosen to be unimodular,
that is, det P D 1 and det Q D 1, so that P−1 and Q−1 are integral matrices. The
matrix D is unique and is called the Smith normal form of M. The integers t1; : : : ; tr
are called the invariant factors of M. Of course r is the rank of M.
Now let G be a connected graph and L.G/ be the Laplacian matrix of G with
invariant factors t1; : : : ; tn−1. Berman showed that the group of bicycles of G over
A is isomorphic to the direct product A.t1/      A.tn−1/, where for an integer t,
A.t/ D fa 2 A V ta D 0g. (Since A.1/ is the trivial group, the trivial invariant fac-
tors, ti D 1, need not appear in the direct product.) Thus, the invariant factors of
L.G/ determine the structure of the group of bicycles. And consequently for (an em-
bedding of) a planar graph G and its dual Gd, he showed that the nontrivial invariant
factors of L.G/ and of L.Gd/ are the same.
In this paper, we extend Berman’s result in two directions. First, we shall deal
with signed graphs. And second, we will prove that L.G/ and L.Gd/ not only have
the same nontrivial invariant factors, but also they are essentially unimodularly con-
gruent – a much stronger relationship.
In related work [3], the invariant factors of the Laplacian matrix give rise to some
interesting graph-theoretic invariants. Also in [12,13] it is shown that for graphs
G1 and G2, L.G1/ is unimodularily congruent to L.G2/ if and only if G1 is cycle
isomorphic to G2.
2. Signed graphs
A signed graph is a graph with the additional structure that each edge is either pos-
itive (+) or negative (−). The Laplacian matrix of a signed graph G is the symmetric
matrix L.G/ for which
Q.x/ D
X
ij .xi − xj /2 D xL.G/x t;
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Fig. 1. Dual signed graphs G, Gd.
where the sum is taken over the edges .i; j/ in E.G/ and ij is C1 if .i; j/ is a
positive edge, and −1 if .i; j/ is a negative edge. Alternatively,
L.G/ D
X
.i;j/2E.G/
ij .Eii − Eij − Eji C Ejj/;
where Est is the n  n matrix whose only nonzero entry is one in position .s; t/. It is
clear that the row (and column) sums of L.G/ are zero and that adding or removing
loops, .i; i/, from E.G/ does not change the Laplacian matrix.
Now let G be a signed plane graph (an embedding of a planar graph) and let Gd
be the dual plane graph. We make Gd into a signed graph by assigning opposite signs
to each edge in G and its corresponding edge in Gd.
For example, Fig. 1 shows a signed plane graph G with vertices 1; 2; 3; 4, its
signed dual Gd with vertices A;B;C, and the signs of the edges. The Laplacian
matrix L.G/ for the graph G in Fig. 1 is given by
L.G/ D
2
664
2 −1 0 −1
−1 −1 1 1
0 1 0 −1
−1 1 −1 1
3
775 :
Next we define a relation on integral matrices.
Definition 1. Let A and B be integral matrices of size n  n and m  m, respec-
tively. A and B are Goeritz congruent if there exist diagonal .0;1/-matrices, D1
and D2 of size .r − n/  .r − n/ and .r − m/  .r − m/, respectively, and an r  r
unimodular matrix U such that
D1  A D U.D2  B/U t: (1)
Our main result is stated in the following theorem:
Theorem 1. Let G be a signed plane graph and Gd the dual signed graph. Then
L.G/ is Goeritz congruent to L.Gd/.
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Clearly if two integral matrices, not necessarily of the same size, are Goeritz con-
gruent, then their nontrivial invariant factors are the same. So we recover Berman’s
result that the Laplacian matrices of an (unsigned) plane graph and its dual have the
same invariant factors.
3. Knots
Goeritz congruence first came up in the context of knot invariants. And since
the proof of Theorem 1 involves knot theory, we now describe the required knot-
theoretic ideas. A knot K is an embedding of the circle S1 into R3. An n-component
link is an embedding of n copies of S1 into R3. An easy way to describe a link is
to project it onto a link diagram in the plane. Diagrams for two different knots are
shown in Fig. 2. Of course a given link will have many link diagrams, depending on
how the link is projected.
In 1926, Reidemeister [10] defined an equivalence relation for link diagrams. Two
link diagrams are equivalent if one can be transformed into the other by a finite
sequence of the Reidemeister moves shown in Fig. 3. Reidemeister showed that any
two diagrams for the same link are equivalent. Also it is clear by examining the three
Reidemeister moves that if two diagrams are equivalent, then they represent the same
link.
Several link invariants can be defined from link diagrams. One approach is to
associate a pair of signed plane graphs with a link diagram. (See [4, p. 145] or
[8, p. 34].) Let D be a link diagram. D divides the plane into two disjoint sets of
checker-boarded regions – inner regions and outer regions. As an example, the inner
Fig. 2. Trefoil and figure eight knots.
Fig. 3. Reidemeister moves.
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Fig. 4. Inner and outer regions and graphs.
Fig. 5. Under–over crossings and signed edges.
regions of the link diagram in Fig. 4 are shaded on the left and the outer regions
are shaded on the right. We associate two signed plane graphs with a diagram D.
The inner graph Gin.D/ has a vertex in each inner region of D and a signed edge
connecting inner regions through each crossing of the diagram. The sign of the edge
depends on the type of over-under crossing in the diagram as shown in Fig. 5.
It is apparent that the outer graph Gout.D/, defined in an analogous way, is dual to
the corresponding inner graph, and that through each crossing in the diagram, there
is one edge of Gin.D/ and one edge of Gout.D/ with opposite signs. Fig. 4 shows
the inner and outer signed graphs for a diagram. For any pair of dual signed plane
graphs, G, Gd, there is a link diagram D for which G D Gin.D/ and Gd D Gout.D/.
Next, we examine how the inner (or outer) graph and the Laplacian matrix for a
link diagram change under Reidemeister moves. First suppose that D is a knot dia-
gram and D1 the diagram obtained from D by a Reidemeister move. Let G D Gin.D/
and G1 D Gin.D1/. Goeritz [2] showed that if L0 (L01) is a principal submatrix of
L.G/ (L.G1/) obtained by striking out a row and a column, then det L0 D  det L01.
Thus j det L0j is a knot invariant. Kneser and Puppe [5] extended the analysis of the
effect of a Reidemeister move on the Laplacian matrix and showed that L.Gin.D//
is Goeritz congruent to L.Gin.D1//. In fact, they proved that the diagonal matrices
D1;D2 in (1) have only 1 on their diagonals. For the more general link diagram,
Kyle [6] noticed that D1;D2 may also have zeros on their diagonals. We summarize
this work of Goeritz [2], Kneser and Puppe [5] and Kyle [6] in the next theorem.
Theorem 2. Let D and D0 be link diagrams such that D0 can be obtained from
D by a sequence of Reidemeister moves. Then L.Gin.D// is Goeritz congruent to
L.Gin.D0// and L.Gout.D// is Goeritz congruent to L.Gout.D0//.
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Fig. 6. Graph changes from an R3 move.
Actually both Goeritz [2] and Kneser and Puppe [5] worked with the matrix L0
described above. But it is easy to show that if L0 is Goeritz congruent to L01, then L
is Goeritz congruent to L1. (Sometimes L0 is called the Goeritz matrix of the link
diagram D [7, p. 98].)
The proof given in [2,5] consists of a careful analysis of how each type of Reid-
emeister move changes the inner and outer graphs and Laplacian matrices of a link
diagram. As an example, we consider a Reidemeister move of type R3 and exhibit
the unimodular matrix U used in the corresponding Goeritz congruence. Suppose,
without loss of generality, that the vertices in Fig. 6(a) are in the inner regions of
D so that the vertices in Fig. 6(b) are also in the inner regions of D1. Notice that
Gin.D1/ has one fewer vertex than Gin.D/; vertex 1 is missing. Thus L.Gin.D1//
has one fewer row and column than L.Gin.D// and its rows and columns are indexed
by vertices 2; 3; : : : ; n.
Then
L.Gin.D// D
2
66664
1 −1 1 −1 O
−1 a d e A
1 d b f B
−1 e f c C
O At B t Ct M
3
77775
;
L.Gin.D1// D
2
664
a − 1 d C 1 e − 1 A
d C 1 b − 1 f C 1 B
e − 1 f C 1 c − 1 C
At B t Ct M
3
775 :
For example, positive edge (1,2) in Gin.D/ contributes +1 to the (2,2) entry, a, in
L.Gin.D//. But edge (1,2) is replaced with the positive edge (2,4) and the negative
edge (2,3) in Gin.D1/. Thus the first main diagonal entry in L.Gin.D1//, which
corresponds to vertex 2, is a − 1. Now L.Gin.D// and L.Gin.D1// are Goeritz con-
gruent since
UL.Gin.D//U t D T1U  L.Gin.D1//;
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where
U D
2
66664
1 0 0 0 O
1 1 0 0 O
−1 0 1 0 O
1 0 0 1 O
O O O O I
3
77775
is unimodular.
A similar, analysis can be made for the other types of Reidemeister moves [2,5,6].
4. Proof of Theorem 1
Let G and Gd be a dual pair of signed plane graphs. There exists a link diagram
D for which G D Gin.D/ and Gd D Gout.D/. (See for example [8, p. 37] for a de-
scription of the construction of D from G.) We use the example in Fig. 7 to illustrate
the proof.
Pick a segment of diagram D that is between two crossings and borders the un-
bounded region of D. (In Fig. 7(a), the segment is on the left of diagram D.) Keeping
the rest of the diagram the same, stretch and move the segment through the entire di-
agram to obtain a new diagram D1 (Fig. 7(b)). This can be accomplished with Reid-
emeister moves. From Theorem 2, L.Gin.D// is Goeritz congruent to L.Gin.D1/,
that is, L.G/ is Goeritz congruent to L.G1/, where G1 D Gin.D1/. It remains to
show that G1 D Gd, the dual of G. Or since Gd D Gout.D/, it suffices to show that
Gin.D1/ D Gout.D/. But this is clear because each outer region in D is an inner
region in D1. (See Fig. 7.) This completes the proof.
The proof is constructive in the sense that the unimodular matrix U used in the
Goeritz congruence of L.G/ and L.Gd/ can be explicitly computed. Indeed, the uni-
modular matrix corresponding to each Reidemeister move is constructible, as shown
in the previous section, and their product is U.
For our example, Fig. 8 shows some of the diagrams as the segment begins to
pass through diagram D. An R2 move is needed to pass from Fig. 8(a) to 8(b) and an
Fig. 7. Moving a segment through diagram D, Gout.D/ D Gin.D1/.
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Fig. 8. Segment begins to move through the diagram.
R3 move brings us to 8(c). In the case of unsigned plane graphs, Theorem 1 has the
following corollary.
Corollary 1. Let G and Gd be dual plane .unsigned/ graphs with .unsigned/ Lap-
lacian matrices L.G/ and L.Gd/. Then L.G/ is Goeritz congruent to −L.Gd/.
The unsigned Laplacian matrix of G is just the signed Laplacian matrix with all
edges positive (+). Thus the signed Laplacian matrix of Gd is −L.Gd/. The result
now follows from Theorem 1.
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